We give formulas for the number of representations of non negative integers into diagonal quadratic forms. A proof of the asymptotic behavior of the function r 2 (x) in the case of two squares is also given. Lastly we consider the case cubic and quintic forms.
Introduction.
Let K(x) be the complete elliptic integral of the first kind. Some expressions of K(x) are
where 2 F 1 is Gauss hypergeometric function. The elliptic singular modulus k = k r , r > 0 can defined as a restriction of λ(τ )-modular function which using Weber functions is (see [3] , [4] )
where q = e iπτ , Im(τ ) > 0. Hence if r > 0 and τ = √ −r, the singular modulus is 
Also k = k r , 0 < k < 1 is the solution of the equation
Continuing, traditionally set K to be K = K(k r ) (the complete elliptic integral at singular values) and K ′ = K(k A very interesting connection between number theory and the theory of elliptic functions rises from the famous Jacobi theorem 
It is very easy to see someone by setting u = 0 in (5) and using dn(q, 0) = 1 and then multiply both sides of (2) by 2K/π that
Writing n = (2l + 1)m, d = 2l + 1, whence l = (d− 1)/2. Hence if d runs through the odd divisors of n we have
Now define δ 0 (n) = 1, if n = 0 and δ 0 (n) = 4 d−odd,d|n (−1)
2 , if n ≥ 1. Denote by r(n) the number of representations of n into the form
Then if we consider the fact that
= r(n)q n and Jacobi's Theorem 1 we get r(n) = δ 1 (n), i.e.
Theorem 2.(Jacobi [8])
For n = 1, 2, . . . we have
and r(0) = 1.
The above theorem plays a key role not only to the theory of elliptic functions with the form of (6) but we can use it here in our investigation of quadratic forms of general type.
Generalizations of Jacobi's two-square theorem
Theory of quadratic forms has been treated by many great mathematicians such Euler, Gauss, Dirichlet, Liouville, Eisenstein, Glaisher, Ramanujan and many others. It's applications are wide. Some of them are Gauss circle problem in higher dimensions, class number theory, algebraic geometry, evaluations of elliptic functions, Fermat-Wiles theorem, evaluations of series (such of Eisenstein) and many other subjects (see [2-10]). As many problems in number theory is very elementary in his expression but very hard to handle with. In this article using simple arguments we try to address the problem.
Suppose we have two positive integers A, B with gcd(A, B) = 1, then set r A,B (n) to be the number of representations of n into the quadratic form
Then
The linear Diophantine equation kA + lB = n has solutions for all n since gcd(A, B) = 1|n. Hence if we assume the transformation T , which assigns the Taylor coefficient f n of every function f (q) to the Taylor coefficient
The T transform can evaluated using Faa Di Bruno's Formula (see [1] p.823), which in this case is
where the prime on the sum means that we take all the values of numbers (non-negative integers) a j such that a 1 + 2a 2 + 3a 3 + . . . + na n = n and
Hence with the above notation we can proceed to 
Note that r A,B (0) is obviously 1. Also the action of T transform is directly using where f n the sum kA+lB=n r(k)r(l).
Proposition 2.
Given two positive integers A,B with gcd(A, B) = 1, the number of the representations of n = 1, 2, . . . into the form Ax 2 + By 2 is exactly
In the same way as above we can prove 
and
Assume the non-homogeneous quadratic form
with A, B positive integers, C, D, E general integers gcd(A, B) = 1 and
Proof.
2 + E and the number of representations of n over (15) is equivalent to the number of representation of n + AL
where
is called multiplier (see [4] pg.136) and takes algebraic values when n is positive integer and r rational. Proof. From Proposition 3 we have
k and there exists ecxactly one integer n ′ such that P N (n ′ ) = n then
integer solutions, (including 0).
′ s all integers with s ≤ N , then the number of representations of n in (19) will be
In case we have non-integer solution n ′ of P N (n ′ ) = n then we have no contribution of these n ′ in the representaion (19) and hence in sum (20).
Consider now the function
where P ν (n) := 1 ν (n) = 1, when n is if the form m ν , (m positive integer) and 0 else.
Theorem 4.
The number of representations of n into x ν + y ν , x, y non-negative integers, is
From (22) we get that
Also, in the case which n is ν-th power of positive integer, then formula (23) reduces to a trivial identity . qed
In general if A(n) is a polynomial with positive integer coefficients, then assuming the general equation A(a) + A(b) = n, where a, b, n are non negative integers, this equation have
solutions. The function G A (n) is such that G A (n) = 1 if exists m positive integer such that n = A(m) and 0 else.
The cubic and quintic representation
In this section we give two formulas similar to that of Jacobi(Theorem 2), for the representation of a positive integer in cubic and quintic forms. For this we make use of the square function i.e. S(n) = 1, if is perfect square, 0 else. The results of section 2 can generalized to higher order of terms under certain conditions. Historical there are some known results regarding the case of the cubic representation. For example it is known that Diophantine equation
for a, b, n integers, has finite number of solutions (see [6] ). From Fermat-Wiles theorem it is known that
have only trivial solutions i.e. {x, 0, x} and {0, x, x}. Also a result of Euler is that equation
admits parametric solution in integers (see [5] p.578-579).
We proceed by stating and prove our first theorem
The representations of n into x 3 + y 3 form (x, y non negative integers) is given from
where S(n) = 1 if n is perfect square and 0 else.
Proof.
It holds x 3 + y 3 = (x + y)(x 2 − xy + y 2 ) hence if we set u = x + y and v = x 2 − xy + y 2 the x, y are given from x = 1 6 3u − −3u 2 + 12v , y = 1 6 3u + −3u 2 + 12v
Hence we get the necessary and sufficient conditions for u, v to determine n = uv that can be expanded into two cubes.
The quintic representation is the same as the cubic. We have 
where X N is the characteristic function on positive integers.
Representation of Generalized Triangular Numbers
We call m-triangular number t m (n) = n 2 + mn 2 , with m = 0, 1, 2, . . .
We interested about the number of representations of a certain non-negative integer n as
, where x k ∈ Z and m = 0, 1, 2, . . .
The case of m = 1, N = 2, 3, 4, . . . is the whell known representation of n into simple triangular numbers (1-triangular numbers) and have been treated by many various scientists (see [11] ). The case m = 0 is similar to Jacobi's twosquare theorem. Dropping the notation of r A,B (n) in the above sections, we denote the number of representations of n in (34) by r m,N (n). Also we denote r(n) of (8) as r 2 (n) and the symbol r N (n) is left as in previous sections. Also for our perpose we recall the definition of certain theta functions studied by Ramanujan (see [14] pg.36):
Consider the Jacobi triple product formula (see [15] pg.169-172):
where |q| < 1.
In case of z = 2p + 1, with p non-negative integer we get
The first equality follows from above discusion. For the second equality we have
The proof is elementary since
Using the above Propositions we can generalize all results in [11] . We start from the 2p + 1-triangular numbers and Proposition 1. We imediately have
Theorem 7.
If N integer N ≥ 2 and δ N (n) are the representations of n into N 1-triangular numbers
and r 2p+1,N (n) is the number of representations of the positive integer n into N 2p + 1-triangular numbers
For example we have
i) The number of representations of n into the form
1, where a = 1, 3
ii) The number of representations of n into the form
The function [x] is the greatest integer that is smaler or equal to x and r n is the usual Jacobi symbol. iii)
Continuing from Section 2 we get evaluations of r 2p,N (n). Since we know
then from Proposition 2 we get 
From Jacobi two-square theorem we know that
if n = 1, 2, . . . and r 2 (0) = 1. Combining the above results we obtain Proposition 6. The number of representations s m (n) of n into
The number of representations of n as a four m-triangular numbers 
From Proposition 8 we get the next
Corollary.
Every non negative integer n can represented into sum of four m-triangular numbers.
Proposition 8.
The number of representation of n into
where h(n) is the class number of n.
5 Asymptotic Expansion of n≤x r 2 (n)
In this section we provide asyptotic formulas for the mean value of r 2 (n), using a formula of Hardy (see [16] ).
Moreover if a, b ∈ R, then we define
we prove that Theorem 9.
Proof. From (67) and (9) we have
But for the function J 1 (x) holds the following asymptotic expasion as x → ∞
The error due to stopping the sumation at any term is the order of the magnitude of that term multiplied by 1/x. Hence using (73) in (72) we get (71).
Setting N = 1 in (71), we get
For to prove R(x) = O x 1/4 is equivalent to show that
(74) is convergent and bounded in x. We can write (78)
